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15-20% breast cancers are HER2+.

Treatments that specifically target HER2
are very effective.

Trastuzumab: binds with the HER2
receptor, reducing cell proliferation.
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Triple Negative Breast Cancer (TNBC)

• Accounts for 10 – 20% of all breast cancers
• Characterized by 3 negative biomarkers
• Not amenable to conventional hormone or

targeted therapies.

• A biomarker to predict NAT response in TNBC is needed

RespondersNon-
responders

• Less than 50% of TNBC
exhibit pCR from NAT
alone
• The residual disease will

likely recur in the next 2-
3 years

HER2+ drugs are often given in
combination with chemotherapies
to increase response rates.

Trastuzumab and the chemotherapy
doxorubicin could yield either additive or
synergistic effects.

Open problem

Determine the therapeutic regimen that
optimally combines these two treatments to
yield optimal tumor control.
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Murine model of HER2+ breast cancer

Sorace, et al., Breast cancer research and treatment (2016)
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Murine model of HER2+ breast cancer
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Conclusion: prior treatment with trastuzumab will increase the efficacy of doxorubicin.

Sorace, et al., Breast cancer research and treatment (2016)
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Goals

Model development and calibration

Develop and calibrate mathematical models that
capture the experimental tumor dynamics and the direct
effects of doxorubicin and trastuzumab therapies.

Model selection

Find the simplest “valid”model that represents our data.

Treatment optimization

Use optimal control theory to find the “best”
treatment protocol.
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Occam’s Razor

Occam’s Razor

Non sunt multiplicanda entia sine necessitate

Entities should not be multiplied beyond necessity

When choosing among a set of models:
The simplest valid model is the best choice.
simple ⇒ number of parameters
valid ⇒ passes validation test

How do we choose a model that adheres to this principle?
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The Occam-Plausibility Algorithm 1 + Optimal Control

START
Define a family of
possible models M

OCCAM STEP
Group models into Occam

categories and pick model(s)
from the lowest category M∗

CALIBRATION STEP
Calibrate all models in M∗

SELECTION STEP
Compute selection metric and
identify the best model M∗

j

VALIDATION STEP
Submit M∗

j to validation test
Is M∗

j valid?

No

Does M∗
j have the

most parameters in M?

No

ITERATIVE OCCAM STEP
Choose models in

next Occam category

YesDefine a new set
of possible models

OPTIMAL CONTROL STEP
Optimize the treatment protocol

Yes

START
Define a family of
possible models M

1K. Farrell, J. T. Oden, D. Faghihi, Journal of computational physics (2015)
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Three-constituent model

dVt

dt
=

 r︸︷︷︸
growth rate

− λtBt︸︷︷︸
death by trastuzumab

− λdBd︸ ︷︷ ︸
death by doxorubicin

− λtdBdBt︸ ︷︷ ︸
death by drug combination

P(Vt),

dBd

dt
= − τdBd︸ ︷︷ ︸

doxorubicin decay

+ ud(t)︸ ︷︷ ︸
doxorubicin delivery

,

dBt

dt
= − τtBt︸︷︷︸

trastuzumab decay

+ ut(t) exp(−λdiBd)︸ ︷︷ ︸
trastuzumab delivery inhibition by doxorubicin

,

P(Vt) =


Vt , if exponential growth,

Vt

(
1− Vt

K

)
, if logistic growth.

Doxorubicin: decreases the total vascular density.
Reduction in vascular density ⇒ reduces trastuzumab delivery.
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Four-constituent model

Reactive oxygen species (ROS)

The term reactive oxygen species (ROS) is usually used to signify any oxygen-containing
molecule capable of initiating some kind of deleterious reaction.

A build up of ROS in cells may cause damage to DNA, RNA, and proteins, and may cause
cell death.

Trastuzumab1 and doxorubicin2 increases ROS production.

1N. Mohan et al., Molecular cancer therapeutics (2016)
2S. Kim et al., Experimental & molecular medicine (2006)
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Four-constituent model

dVt

dt
=

 r︸︷︷︸
growth rate

− λtBt︸︷︷︸
death by trastuzumab

− λoRo︸ ︷︷ ︸
death by ROS

− λtoRoBt︸ ︷︷ ︸
death by drug-ROS interaction

P(Vt),

dBd

dt
= − τdBd︸ ︷︷ ︸

doxorubicin decay

+ ud(t)︸ ︷︷ ︸
doxorubicin delivery

,

dBt

dt
= − τtBt︸︷︷︸

trastuzumab decay

+ ut(t) exp(−λdiBd)︸ ︷︷ ︸
trastuzumab delivery inhibition by doxorubicin

,

dRo

dt
= − τoRo︸︷︷︸

ROS decay

+ λodBd︸ ︷︷ ︸
production by doxorubicin

+ λotBt︸ ︷︷ ︸
production by trastuzumab

+ λodtBdBt︸ ︷︷ ︸
production by drug interaction

,

Vt tumor volume
Bd doxorubicin availability
Bt trastuzumab availability
Ro Reactive oxygen species (ROS)
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The Occam-Plausibility Algorithm 2 + Optimal Control

START
Define a family of
possible models M

OCCAM STEP
Group models into Occam

categories and pick model(s)
from the lowest category M∗

CALIBRATION STEP
Calibrate all models in M∗

SELECTION STEP
Compute selection metric and
identify the best model M∗

j

VALIDATION STEP
Submit M∗

j to validation test
Is M∗

j valid?

No

Does M∗
j have the

most parameters in M?

No

ITERATIVE OCCAM STEP
Choose models in

next Occam category

YesDefine a new set
of possible models

OPTIMAL CONTROL STEP
Optimize the treatment protocol

Yes

2K. Farrell, J. T. Oden, D. Faghihi, Journal of computational physics (2015)
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Set of possible models

Table: Set of models developed to reproduce the tumor growth under doxorubicin and trastuzumab
treatment. The variables Vt , Bd , and Bt , and the parameters r , τd , τt , and λdi are present in every
model.

Variable Parameter
Model

ROS λt λd λtd K λo λto τo λod λot λodt
#P

3CEM0 ✓ ✓ 6

3CLM0 ✓ ✓ ✓ 7
3CEM ✓ ✓ ✓ 7

3CLM ✓ ✓ ✓ ✓ 8
4CEM1 ✓ ✓ ✓ ✓ ✓ 8
4CEM2 ✓ ✓ ✓ ✓ ✓ 8
4CEM3 ✓ ✓ ✓ ✓ ✓ 8

4CLM1 ✓ ✓ ✓ ✓ ✓ ✓ 9
4CLM2 ✓ ✓ ✓ ✓ ✓ ✓ 9
4CLM3 ✓ ✓ ✓ ✓ ✓ ✓ 9
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Model calibration and selection (Bayesian approach)

Bayes’ Rule

π(θ|D)︸ ︷︷ ︸
posterior

=

likelihood︷ ︸︸ ︷
π(D|θ)

prior︷︸︸︷
π(θ)

π(D)︸ ︷︷ ︸
evidence

;

D: data
θ: model parameters
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;
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Computational cost

Model calibration

Python code: emcee4 implementation of Goodman & Weare’s
Affine Invariant Markov chain Monte Carlo (MCMC) Ensemble
sampler

8 parameters to calibrate

MCMC chain length: 150,000

16 chains - 8 cores

Serial calibration: ∼ 108 minutes

Parallel calibration (number of chains / 2):
∼ 31 minutes

∼ 3.5 times faster than serial

80 chains - 40 cores

Serial calibration: ∼ 549 minutes

Parallel calibration (number of chains / 2):
∼ 41 minutes

∼ 13.4 times faster than serial

4Foreman-Mackey, et al., emcee: The MCMC Hammer (2013)
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Model selection
Model #P Plausibility Error (%)

3CEM0 6 n/a 28.51± 17.24

3CLM0 7 1.00 25.29± 15.37
3CEM 7 0.00

3CLM 8 1.00 29.06± 21.78
4CEM1 8 0.00
4CEM2 8 0.00
4CEM3 8 0.00

4CLM1 9 0.86 29.03± 22.65
4CLM2 9 0.00
4CLM3 9 0.14
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Note: the MAPE value is artificially inflated
because, as the tumor volume decreases,
small errors in tumor volume generate
high percent errors.
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Added other metrics: Concordance
Correlation Coefficient (CCC) and Pearson
Correlation Coefficient (PCC).
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Tumor dynamics (model 3CLM0)
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Cross-validation (model 3CLM0)
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Model calibration: calibrate the model using the six-scenarios.
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Cross-validation, step 1: calibrate the model using the five-scenarios.
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Cross-validation (model 3CLM0)
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Cross-validation, step 2: predict the tumor volume in the scenario left out.
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Cross-validation: repeat the steps to all possible combinations, and check which scenarios
can we recover.
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Optimal treatment protocol

Best experimental protocol

One dose of trastuzumab and doxorubicin at
days 35 and 38.

1) Minimize total tumor volume

Minimize the following objective function:

J =

∫ tf

ti

V 2
t dt,

ti and tf are the first and last day that the
treatment can be delivered, respectively.

Restrictions:
same trastuzumab and doxorubicin total
and daily doses as the experiments;

treatment is allowed to start at day 35.
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Optimized treatment (OCT)

Optimal protocol

One dose of trastuzumab at days 35 and 36,
and one dose of doxorubicin at days 37 and 38.
45.34% tumor burden reduction.
30% tumor reduction: 0.6 days earlier.
50% tumor reduction: 2.25 days earlier.
Complete response: day 59
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Cardiotoxicity

Treatment complications

cardiotoxicity is a common complication of doxorubicin;

can lead to heart failure and ultimately death;

it is the second cause of mortality in breast cancer survivors;

doxorubicin cardiotoxicity is cumulative, dose dependent, and irreversible;

trastuzumab cardiotoxicity is reversible (in the majority of patients).
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Optimal treatment protocol

Best experimental protocol

One dose of trastuzumab and doxorubicin at
days 35 and 38.

2) Minimize doxorubicin total dose

Minimize the following objective function:

J =

∫ tf

ti

u2d(t) dt.

Restrictions:
same trastuzumab total and daily doses as
the experiments;
same total tumor volume as the best
experimental treatment protocol;
treatment is allowed to start at day 35.
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Optimized treatment (OCT)
42.81% of doxorubicin dose

Optimal protocol

One dose of trastuzumab at days 35 and 36,
and one dose of doxorubicin at days 37 and 38.
42.81% doxorubicin dose reduction.
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Preliminary results (9-11 mice per treatment protocol)

Anna G. Sorace

Unpublished Data - Do not share

We are currently performing the necessary
experiments to confirm, or improve, the
optimized treatment protocol.

Preliminary conclusions

OCT dosing outperformed standard-of-care
dosing in more responsive tumors and tumors
that had a complete response
single-agent trastuzumab when dosed
following OCT math modeling guidance,
outperformed standard-of-care that had
both HER2 targeted trastuzumab and
chemotherapy.
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The Occam-Plausibility Algorithm 5 + Optimal Control

START
Define a family of
possible models M

OCCAM STEP
Group models into Occam

categories and pick model(s)
from the lowest category M∗

CALIBRATION STEP
Calibrate all models in M∗

SELECTION STEP
Compute selection metric and
identify the best model M∗

j

VALIDATION STEP
Submit M∗

j to validation test
Is M∗

j valid?

No

Does M∗
j have the

most parameters in M?

No

ITERATIVE OCCAM STEP
Choose models in

next Occam category

YesDefine a new set
of possible models

OPTIMAL CONTROL STEP
Optimize the treatment protocol

Yes

5K. Farrell, J. T. Oden, D. Faghihi, Journal of computational physics (2015)
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First set of models (35 models with less than 10 parameters)

Model ID Model

C1M1 T ′ = rT − δdSdT − δhShT

C2M1 T ′ = rT (1− T/K )− δdSdT − δhShT

C2M2 T ′ = (r − δdSd − δhSh)T (1− T/K )

C2M3 T ′ = (r − δdSd)T (1− T/K )− δhShT

C2M4 T ′ = (r − δhSh)T (1− T/K )− δdSdT

C2M5 T ′ = rT (1− T/(K − δdSd − δhSh))

C2M6 T ′ = rT (1− T/(K − δdSd))− δhShT

C2M7 T ′ = rT (1− T/(K − δhSh))− δdSdT

C2M8 T ′ = (r − δhSh)T (1− T/(K − δdSd))

C2M9 T ′ = (r − δdSd)T (1− T/(K − δhSh))

C3M1 T ′ = rT (1− A/T )− δdSdT − δhShT

C3M2 T ′ = (r − δdSd − δhSh)T (1− A/T )

C3M3 T ′ = (r − δdSd)T (1− A/T )− δhShT

C3M4 T ′ = (r − δhSh)T (1− A/T )− δdSdT
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First set of models (35 models with less than 10 parameters)

Model ID Model

C3M5 T ′ = rT (1− (A− δdSd − δhSh)/T )

C3M6 T ′ = rT (1− (A− δdSd)/T )− δhShT

C3M7 T ′ = rT (1− (A− δhSh)/T )− δdSdT

C3M8 T ′ = (r − δhSh)T (1− (A− δdSd)/T )

C3M9 T ′ = (r − δdSd)T (1− (A− δhSh)/T )

C4M1 T ′ = rT (1− T/K )(1− A/T )− δdSdT − δhShT

C4M2 T ′ = (r − δdSd − δhSh)T (1− T/K )(1− A/T )

C4M3 T ′ = (r − δdSd)T (1− T/K )(1− A/T )− δhShT

C4M4 T ′ = (r − δhSh)T (1− T/K )(1− A/T )− δdSdT

C4M5 T ′ = rT (1− T/(K − δdSd − δhSh))(1− A/T )

C4M6 T ′ = rT (1− T/(K − δdSd))(1− A/T )− δhShT

C4M7 T ′ = rT (1− T/(K − δhSh))(1− A/T )− δdSdT

C4M8 T ′ = (r − δhSh)T (1− T/(K − δdSd))(1− A/T )

C4M9 T ′ = (r − δdSd)T (1− T/(K − δhSh))(1− A/T )
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First set of models (35 models with less than 10 parameters)

Model ID Model

C4M10 T ′ = rT (1− T/K )(1− (A− δdSd − δhSh)/T )

C4M11 T ′ = rT (1− T/K )(1− (A− δhSh)/T )− δdSdT

C4M12 T ′ = rT (1− T/K )(1− (A− δdSd)/T )− δhShT

C4M13 T ′ = (r − δdSd)T (1− T/K )(1− (A− δhSh)/T )

C4M14 T ′ = (r − δhSh)T (1− T/K )(1− (A− δdSd)/T )

C4M15 T ′ = rT (1− T/(K − δdSd))(1− (A− δhSh)/T )

C4M16 T ′ = rT (1− T/(K − δhSh))(1− (A− δdSd)/T )

Calibrated every model

Not a single one fitted
every scenario. . .
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Best model from the first set
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Three-constituent model

dVt

dt
=

 r︸︷︷︸
growth rate

− λtBt︸︷︷︸
death by trastuzumab

− λdBd︸ ︷︷ ︸
death by doxorubicin

− λtdBdBt︸ ︷︷ ︸
death by drug combination

P(Vt),

dBd

dt
= − τdBd︸ ︷︷ ︸

doxorubicin decay

+ ud(t)︸ ︷︷ ︸
doxorubicin delivery

,

dBt

dt
= − τtBt︸︷︷︸

trastuzumab decay

+ ut(t) exp(−λdiBd)︸ ︷︷ ︸
trastuzumab delivery inhibition by doxorubicin

,

P(Vt) =


Vt , if exponential growth,

Vt

(
1− Vt

K

)
, if logistic growth.

Doxorubicin: decreases the total vascular density.
Reduction in vascular density ⇒ reduces trastuzumab delivery.

Vt tumor volume

Bd doxorubicin availability

Bt trastuzumab availability
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Summary

Developed a family of models to capture the tumor dynamics and the direct effects of
doxorubicin and trastuzumab therapies.

Calibrated every model using data from a murine model of human HER2+ breast cancer.

Optimized the treatment protocol with the “best” model.

Best treatment protocol: deliver all trastuzumab prior to doxorubicin.

This research may provide a framework suitable for application in future clinical trials of novel
therapies.

Lima, E. A. B. F., Wyde, R. A. F., Sorace, A. G., and Yankeelov, T. E.. ”Optimizing combination therapy in
a murine model of HER2+ breast cancer.” CMAME (2022): 115484.
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Thank you!

ernesto.lima@utexas.edu

Funding:
American Cancer Society: RSG-18-006-01-CCE
National Institute of Health: R01CA240589, R01CA276540, and U24CA226110
Cancer Prevention and Research Institute of Texas: RR160005

Thomas E. Yankeelov Anna G. Sorace Reid Wyde



Model calibration, selection and validation (Bayesian approach)

Given events A and B:

P(A,B) = P(A|B)P(B);
P(A,B) = P(B,A);

P(B,A) = P(B|A)P(A);
P(A|B)P(B) = P(B|A)P(A);

P(A|B) = P(B|A)P(A)
P(B)

;
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Converting to probability densities π, if A represents the parameter θ of a model, and B the
observational data D:

π(θ|D)︸ ︷︷ ︸
posterior

=

likelihood︷ ︸︸ ︷
π(D|θ)

prior︷︸︸︷
π(θ)

π(D)︸ ︷︷ ︸
evidence

;

⇒ θ̂ = argmax
θ∈Θ

[log π(D|θ)]; ⇒ BIC = p log (n)− 2 log π(D|θ̂);
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Definitions
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D: measured data;

T : true data;

T + ϵ = D,

ϵ: experimental noise;

Mathematical model

dN

dt
= rN

(
1− N

K

)
,

θ: vector of model parameters, θ = (r ,K );
r : tumor growth rate;
K : environmental carrying capacity;
Y (θ): model prediction;

T − Y (θ) = γ(θ),

T − Y h(θ) = γh(θ),

γ: model inadequacy.

D − Y (θ) = ϵ+ γ(θ),



Definitions

0 6 12 18 24 30 36 42 48
Time (hours)

0

10

20

30

40

50

60

70

Ce
ll 

nu
m

be
r

True data
Measured data

D: measured data;
T : true data;

T + ϵ = D,

ϵ: experimental noise;

Mathematical model

dN

dt
= rN

(
1− N

K

)
,

θ: vector of model parameters, θ = (r ,K );
r : tumor growth rate;
K : environmental carrying capacity;
Y (θ): model prediction;

T − Y (θ) = γ(θ),

T − Y h(θ) = γh(θ),

γ: model inadequacy.

D − Y (θ) = ϵ+ γ(θ),



Definitions

0 6 12 18 24 30 36 42 48
Time (hours)

0

10

20

30

40

50

60

70

Ce
ll 

nu
m

be
r

True data
Measured data

D: measured data;
T : true data;

T + ϵ = D,

ϵ: experimental noise;

Mathematical model

dN

dt
= rN

(
1− N

K

)
,

θ: vector of model parameters, θ = (r ,K );
r : tumor growth rate;
K : environmental carrying capacity;
Y (θ): model prediction;

T − Y (θ) = γ(θ),

T − Y h(θ) = γh(θ),

γ: model inadequacy.

D − Y (θ) = ϵ+ γ(θ),



Definitions

0 6 12 18 24 30 36 42 48
Time (hours)

0

10

20

30

40

50

60

70

Ce
ll 

nu
m

be
r

True data
Measured data

D: measured data;
T : true data;

T + ϵ = D,

ϵ: experimental noise;

Mathematical model

dN

dt
= rN

(
1− N

K

)
,

θ: vector of model parameters, θ = (r ,K );
r : tumor growth rate;
K : environmental carrying capacity;
Y (θ): model prediction;

T − Y (θ) = γ(θ),

T − Y h(θ) = γh(θ),

γ: model inadequacy.

D − Y (θ) = ϵ+ γ(θ),



Definitions

0 6 12 18 24 30 36 42 48
Time (hours)

0

10

20

30

40

50

60

70

Ce
ll 

nu
m

be
r

True data
Measured data

D: measured data;
T : true data;

T + ϵ = D,

ϵ: experimental noise;

Mathematical model

dN

dt
= rN

(
1− N

K

)
,

θ: vector of model parameters, θ = (r ,K );
r : tumor growth rate;
K : environmental carrying capacity;
Y (θ): model prediction;

T − Y (θ) = γ(θ),

T − Y h(θ) = γh(θ),

γ: model inadequacy.

D − Y (θ) = ϵ+ γ(θ),



Definitions

0 6 12 18 24 30 36 42 48
Time (hours)

0

10

20

30

40

50

60

70

Ce
ll 

nu
m

be
r

True data
Measured data

D: measured data;
T : true data;

T + ϵ = D,

ϵ: experimental noise;

Mathematical model

dN

dt
= rN

(
1− N

K

)
,

θ: vector of model parameters, θ = (r ,K );
r : tumor growth rate;
K : environmental carrying capacity;
Y (θ): model prediction;

T − Y (θ) = γ(θ),

T − Y h(θ) = γh(θ),

γ: model inadequacy.

D − Y (θ) = ϵ+ γ(θ),



Maximum likelihood estimation

Likelihood

The conditional probability that the data (D) is observed for a given set of parameters (θ) is
the likelihood π(D|θ).

D − Y (θ) = ϵ+ γ(θ),

Assuming:

1. the experimental noise is normally distributed (ϵ ∼ N (0N×1, σ
2
dataIN×N));

2. the model inadequacy is normally distributed (γ ∼ N (0N×1, σ
2
model IN×N));

3. the variance of the total error (σ) is such as σ2 = σ2
data + σ2

model ;

4. the data is normally distributed;

π(D|θ) =
Nt∏
i=1

1√
2πσ2

e
−
(Di − Yi (θ))

2

2σ2 ,

Nt : the number of data points.
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Model selection
Model #P AICw/BICw Error (%)

3CEM0 6 n/a 28.51± 17.24

3CLM0 7 1.00 25.29± 15.37
3CEM 7 0.00

3CLM 8 1.00 29.06± 21.78
4CEM1 8 0.00
4CEM2 8 0.00
4CEM3 8 0.00

4CLM1 9 0.44 29.03± 22.65
4CLM2 9 0.10
4CLM3 9 0.46

dVt

dt
= (r − λtBt − λtdBdBt)Vt

(
1− Vt

K

)
,

dBd

dt
= −τdBd + ud(t),

dBt

dt
= −τtBt + ut(t) exp(−λdiBd),

AIC weight

Akaike information criterion

AIC = −2 log(like) + 2k

where k is the number of parameters

AICwj =
exp

{
−1

2 (AICj − AICmin)
}∑m

r=1 exp
{
−1

2 (AICr − AICmin)
}

BIC weight

Bayesian information criterion

BIC = −2 log(like) + k log(nd)

where k is the number of parameters, and nd is
the number of data points.

BICwj =
exp

{
−1

2 (BICj − BICmin)
}∑m

r=1 exp
{
−1

2 (BICr − BICmin)
}
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